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This paper treats Hamilton’s view of algebra as the science of pure time. It contains a 
description of how the intuition of time, according to Hamilton, can give rise to ideas of 
generalized numbers that can be added and multiplied. It is also shown that the associativity 
of multiplication and the possibility of division are consequences of Hamilton’s view. Fi- 
nally it is argued that Hamilton became aware of the fact that these consequences meant a 
serious limitation of algebra and that this awareness made him change his view. o 1985 
Academic Press. Inc. 
Dieser Artikel behandelt Hamiltons Auffassung von Algebra als die Wissenschaft der 
reinen Zeit. Es wird beschrieben wie die Vorstellung von der Zeit, laut Hamilton Begriffe von 
generalisierten Zahlen geben kann, die addiert und multipliziert werden konnen. Es wird 
such gezeigt, dass sowohl das Assoziative Gesetz der Multiplikation wie such die Divisions- 
moglichkeit Konsequenzen der Hamiltonschen Auffassung sind. Schliesslich wird versucht 
nachzuweisen, das’s Hamilton entdeckte, wie diese Konsequenzen eine emsthafte Begren- 
zung der Algebra bedeuteten, und dass diese Entdeckung seine Meinung anderte. 0 1985 
Academic Press. Inc. 
L’article trait de la vue de Hamilton de l’algtbre comme la science du temps pur. 11 d&it 
comment l’intuition du temps, selon Hamilton, peut donner lieu aux idees de nombres 
generalist% qui peuvent etre additionnes ou multiplies. Aussi, il est demontre que l’asso- 
ciabilite de multiplication et la possibilite de division sont des consequences de la vue de 
Hamilton. Enlin il est argument6 que Hamilton dtcouvra que ces consequences impliquaient 
une limitation serieuse de I’algtbre et que cette decouverte lui fit changer son opinion. 
0 1985 Academic Press, Inc. 
INTRODUCTION 
Sir William Rowan Hamilton was an outstanding mathematician and one of the 
early founders of modern abstract algebra. Nevertheless, many modern algebra- 
ists do not know that Hamilton regarded algebra as the science of pure time. But 
as Anthony T. Winterbourne has pointed out, the development of intuitionist 
and/or constructivist philosophies of arithmetic in recent years has given the study 
of Hamilton’s ideas more than merely historical significance [Winterbourne 1982, 
1951. In his excellent works Thomas L. Hankins has traced the development of 
Humilton’s mathematical and metaphysical thoughts [Hankins 1976, 19801. He 
has argued that Hamilton adopted many ideas from the philosophies of Kant and 
Coleridge. Winterbourne has tried to show that the affinity between Kant’s philos- 
o$hy of mathematics and Hamilton’s is even closer than has been suggested by 
Hunkins. It is, however, important to emphasize that Hamilton was more a mathe- 
mhtician and a scientist than he was a philosopher. He certainly adopted many 
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important ideas from the philosophy of Kant and Coleridge; but he also took some 
additional steps in formulating his view as a mathematical theory. 
It was Hamilton’s purpose to show that if algebra is to be regarded as a science 
at all, then it must be the science of pure time. In his opinion algebra cannot be 
more than an instrument or a language if it is not connected with the notion of 
time-that algebra is, indeed, a science means that the theorems of algebra are 
lvue and not just useful or provable on certain assumptions. That is, if algebra is a 
science it must be about something else. According to Hamilton, the intuition of 
time provides a basis for answering questions about the truth-values of various 
algebraical propositions. 
Hamilton first published his ideas on the foundation of algebra in his “Prelimi- 
nary and Elementary Essay on Algebra as the Science of Pure Time” which was 
included in a larger article [Hamilton 18351. Later he published a number of 
articles in which his view of algebra as the science of pure time was utilized (see 
[Halberstram & Ingram 19671). Some of his ideas, however, were not published 
during his lifetime, but they can be found in his letters to contemporary mathema- 
ticians (see [Graves 1882-18891). These letters reveal that he revised his view in 
the years just after 1844. 
The aim of this paper is to investigate Hamilton’s reasons for this revision. It 
will be argued that two consequences of his view of algebra as a science of pure 
time are particularly important for the understanding of this revision. The first of 
these is the associativity of multiplication, i.e.. .rtyz) = (;uy)z. The second conse- 
quence is the statement that division is always possible, i.e., that any nonzero 
element has a multiplicative inverse. It will be shown that these two statements 
follow from Hamilton’s basic assumptions, not only for ordinary numbers but also 
for n-tuples. When Hamilton wrote his Essay of 1835. he had no reason to doubt 
that these two requirements would hold in any algebra worth considering, and it is 
very likely that he did not even realize their importance. During the 184Os, how- 
ever, he became aware of the fact that these consequences of his view of algebra 
meant a serious limitation of algebra. It will be argued that this limitation should 
be counted as an important factor in determining Hamilton’s change of view 
during the 1840s. Some other partial explanations of this change will also be 
presented. 
Section 1 contains a description of how the intuition of time, according to 
Hamilton, can give rise to ideas of numbers that can be added and multiplied. In 
Section 2 it is shown that the associativity of multiplication and the general possi- 
bility of division are consequences of Hamilton’s view. In the final section the 
change in Hamilton’s view is discussed. 
1. TIME, NUMBER, ADDITION, AND MULTIPLICATION 
Hamilton claimed that the notion of time may be unfolded into a science. He 
believed that the intuition of time is more deep-seated in the human mind than the 
intuition of space. In the introductory lecture to his astronomy course, delivered 
on November 8, 1832, he maintained that 
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. . . the ideas of order and succession appear to be less foreign, less separable from us, than 
those of figure and extent. [Graves 1882-1889, I, 6421 
Hence, since a science may be founded on the intuition of space, it should be 
l’ossible to found a science on the intuition of time, which is even more general 
and refined than geometry. Hamilton, aware of the fact that not everything about 
the concept of time is completely clear, wrote: 
There is something mysterious and transcendent involved in the idea of Time; but there is 
also something definite and clear: and while Metaphysicians meditate on the one, Mathemati- 
cians reason from the other. [Halberstram & Ingram 1967, 71 
Ile wanted to find these definite and clear aspects of time, the intuitive truths 
a.bout the so-called pure time. But how can this fundamental idea of time be 
described? On July 11, 1835, Hamilton explained his concept of pure time in a 
E:tter to John T. Graves: 
Pure time-the before and after; precedence, subsequence, and simultaneity; continuous 
indefinite progression from past through the present to the future-this thought, or intuition, 
or form of the human mind, appears to me to force itself upon me whenever I seek to analyse 
what I and others mean, as the object reasoned about, in Algebraic Science. [Graves 1882- 
1889, II, 1431 
&cording to Hamilton the basic ideas of time are those of ordering and progres- 
sion. He considered time to be ordered by means of the relations of precedence, 
subsequence, and simultaneity. These relations act on the moments of time, 
vrhich according to Hamilton are to algebra what points are to geometry. In a 
manuscript dated April 21, 1832, he defined algebra as “the Science of Order” 
according to an “Analytical view” and as “the theory of continuous change” 
according to a “Synthetical view” [Hendry 1984, 721, later the same year he 
explained: 
. . the relations of algebra, at least those primary ones, from the comparison of which 
others of higher kinds are obtained, are relations between successive thoughts, viewed as 
successive and related states of one more general and regularly changing thought. [Graves 
1882-1889, I, 6421 
Ii appears to be the idea of progression which gave rise to Hamilton’s mathemati- 
csl concept of transition (or temporal step). According to his construction, every 
pair of moments (A,@ corresponds to a transition. Pairs that correspond to the 
sirne transition are said to be analogous. In introducing the relation of analogy and 
formulating its rules, Hamilton came very close to the modern definition of an 
equivalence relation, which we denote by -. In contemporary notation [l] his 
ideas can be stated in the following way: 
I f  (D,C) - @,A) then (D.B) - (C,A). 
I f  (D,C) - @,A) then (C,D) - (A,B). 
I f  (D, C) - @,A) and (E,D) - (F,B) then (E, C) - (F,B). 
[Halberstram & Ingram 1%7, IO-121 
Ifit is added that - is reflexive (i.e., (A,B) - (A,B)), it is easily shown that - is an 
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equivalence relation. There can be no doubt that Hamilton regarded - as re- 
flexive. 
Let (I be an arbitrary temporal step and let I, be the corresponding transition. If 
the pair (A,B) represents the step a, then t,(A) = B. The transition obviously maps 
the set of moments into itself, and the pairs (A,B) and (C,D) are analogous if t,(A) 
= B and t,(C) = D for some temporal step a [2]. The addition of temporal steps is 
defined by means of an identity which may be expressed as tu+h(X) = th(to(.Y)) [3] 
[Halberstram & Ingram 1967. 201. Hamilton proved from his basic assumptions 
that this addition is commutative and associative. The associativity is an immedi- 
ate consequence of the definition. 
Hamilton also constructed a generalized concept of transition from one set of 
moments (A,. AZ, . . . , A,) to another (B,, B2, , . . . B,). This generalized 
transition corresponds to a set of temporal steps (a,, a:. . . , , a,) where t,;(Ai) = 
B;. Hamilton introduced the following generalization of addition: 
(al, 02. . . . , a,) + e,, 62, . . . , 6,) = (al + b,, a2 + hi, . . . , u, + 6,) 
which is obviously commutative and associative. Having introduced the temporal 
transitions, Hamilton formulated an idea of transition from one step to another. 
This new construction might be considered to be “a transition of second order.” 
According to Hamilton’s intuition of time, every pair of steps (a&) corresponds to 
a transition of second order that maps the set of temporal steps into itself. In fact, 
these transitions of second order correspond exactly to what Hamilton called 
numbers: 
number is the ratio of one transition to another, or the complex relation between them, 
determined partly by their relative largeness and partly by their relative direction. . . 
[Graves 1882-1889, 11, 1441 
Thus Hamilton introduced numbers by means of a relation on the set of pairs of 
transitions (or steps). This relation is very much like the relation of analogy, which 
was used to introduce steps. The new relation is called the relation of ratio. If the 
transition corresponding to the number n is denoted by T,, and n is represented by 
the step-pair (u,b) where b is not the null step (i.e., b is not equivalent with (A,A)), 
then it follows that T,(b) = a [4]. The step-pair (c,d) represents the same ratio if 
and only if T,(d) = c. Now, it is easy to see how these numbers can be added. If n 
and m are arbitrary numbers, rz + m is the number corresponding to the transition 
of steps, where 
T,+,(u) = T,(a) + T,(a). 
The product n x m may be defined by utilizing 
T,xm(a) = T,,U’m(a)). 
According to Hamilton’s intuition, the distributive law holds; that is, r x (n + m) 
= r x n + r x m. This, in turn, is true if and only if T, is linear: i.e., if T,.(u + b) = 
T,(u) + T,(b) for any number r. 
Hamilton also considered the algebra of n-tuples which he termed polyplets. If 
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r,,(a) can be defined for any polyplet of numbers, n = (ni, n2, . . . , n,), to be the 
rransition of polyplets of steps like a = (a,, ~2, . . . , a,), then the above defini- 
f ions can give rise to definitions of the sum, n + m, and the product, n x m, of any 
‘wo polyplets of numbers, n and m. It appears that according to Hamilton’s 
ntuition, the distributive law would hold for any dimension of the polyplets. 
The resulting picture of algebra as a science of pure time can be illustrated by 
‘neans of the following diagram: 
POLYPLETS OF NUMBERS 
(= The set of transitions of polyplets of steps.) Addition and multiplication possible. 
the relation of ratio 
POL YPLETS OF STEPS 
(= The set of transitions of polyplets of moments.) Addition possible. 
I‘ 
the relation of analogy 
POLYPLETS OF MOMENTS 
,4ccording to Hamilton’s view of algebra as a science of pure time, this diagram 
:-epresents all of algebra. This is certainly a very elegant system, and there are 
;nany interesting details which ought to be discussed elsewhere. It should be 
nentioned, however, that Hamilton’s writings indicate that the relation of ratio 
,reed not be unique (see, e.g., [Graves 1882-1889, III, 2471). In formulating his 
,ilgebraical theories he aimed at simplicity. He formulated this requisite in the 
“allowing way: 
Algebraical simplicity. Analogy to ordinary algebra as to the rules of addition and multiplica- 
tion (the commutative property excepted). [Graves 1882-1889, II, 4741 
,Uthough this description of algebra contains a great number of interesting opera- 
iions, it also implies a limitation of the discipline. This limitation is discussed 
I>elow. 
2. SOME MATHEMATICAL CONSEQUENCES OF HAMILTON’S VIEW 
Whereas Hamilton’s multiplication is not cummutative for all polyplets, it cer- 
lainly is associative. In fact, the associativity of multiplication is a matter of 
iiefinition since it is equivalent to the identity T, 0 (T,, 0 T,,,)(a) = (T, 0 T,)(T,(a)), 
Iwhich follows immediately from the definition of multiplication. 
According to Hankins [1980, 4421, Hamilton was the first to make a clear 
1;tatement of the associative law. It appeared in an article which he communicated 
on November 13, 1843. Hamilton, who had just introduced the concept of quater- 
rzions-quadruples of numbers with a noncommutative multiplication-stressed: 
However, in virtue of the same definitions, it will be found that another important property of 
the old multiplication is preserved, or extended to the new, namely that which may be called 
the associative character of the operation . . . thus we have, generally, Q. Q’Q” = QQ’ . Q”. 
[Halberstram & Ingram 1967, 1141 
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In another paper, read on the same date but not published until 1848, Hamilton 
pointed out that the idea of successive operations of derivation implies the validity 
of a simple but important formula. This formula, in contemporary notation, is 
simply 
According to Hamilton this formula might be said to “contain the associative 
principle of multiplication of numerical sets” [Halberstram & Ingram 1967, 1841. 
It turns out that this principle was very important for Hamilton in his presentation 
of the quaternions. In fact, it follows from his view of algebra as the science of 
pure time that multiplication must be associative. Any nonassociative multiplica- 
tion will be separated from the concepts and ideas which can arise from the 
intuition of time. 
Hankins has suggested that Hamilton first recognized the importance of the 
associative law in 1844, when he began to investigate the octaves [5] which were 
communicated to him by John T. Graves [Hankins 1980, 4421. If Hankins is 
correct, Hamilton must have added something to the paper (presented in Novem- 
ber 1843) before it was published. Of course, this could very well be the case. At 
any rate Graves’ octaves greatly influenced Hamilton in the development of his 
view of algebra. Reacting to the nonassociativity of the multiplication of octaves, 
he wrote the following in a letter to Graves: 
In generul in my system of Quarernions (containing only three imaginaries), it is indifferenf 
rtahrre we pluw the points. in any srrcce~ysiue mrrltiplicaiion: A . BC = AB C =:. ABC, if 
A B C be quaternions: but not so in general with your Octaves. Perhaps you may alter your 
binary products so as to get over this difficulty; but I suspect that then you will have to give 
up the law of Moduli. [6] (July 8. I844 [Craves 1882-1889, II. 4561) 
Later the same year De Morgan wrote a letter to Hamilton suggesting a nonasso- 
ciative algebra of three dimensions [Graves 1882-1889, III, 2501. De Morgan 
admitted that the nonassociativity implies that the system might be considered to 
be imperfect, but he did not reject it for that reason. On December 9, 1844, 
Hamilton answered De Morgan’s letter, referring to algebraical simplicity [Graves 
1882-1889. II, 4741. According to this principle multiplication must be associative. 
In his preface to “Lectures on Quaternions” Hamilton wrote: 
To this associative principle, or property of multiplication, 1 attach much importance. 
The absence of the associative principle appears to me to be an inconvenience in the octaves 
or octonomials of Messrs J. T. Graves and Arthur Cayley. [Halberstram & Ingram 1967. 1531 
“Inconvenience” seems to be a very weak expression for Hamilton to use regard- 
ing the nonassociativity of Graves’ and Cayley’s octaves, since an acceptance of 
this nonassociativity would have excluded the study of octaves from algebra as 
science of pure time. If the associative law does not hold for any definition of 
multiplication of octaves, then as a consequence of the view of algebra as the 
science of pure time, the conclusion must be that octaves are impossible. Appar- 
ently Hamilton was unwilling to draw this conclusion. This reluctance might 
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indicate that at the time of writing he was ready to give up the uncompromising 
view of algebra as the science of pure time. At any rate it is reasonable to suppose 
that having studied Graves’ and Cayley’s octaves, Hamilton might well have 
ccncluded that this view was too narrow. 
On May 12, 1841, Hamilton had written the following to De Morgan: 
But, if my view of Algebra be just, it must be possible some way or other, to introduce not 
only triplets but po/yp/ets, so as in some sense to satisfy the symbolic equation 
a = (a,. a*, > a,); 
a being here one symbol, as indication of one (complex) thought; and a,, a2, . . a, 
denoting n real numbers, positive or negative, that is, in other words, n dates, in the chrono- 
logical sense of the word, only excluding outward marks and measures, and the notion of 
cause and effect. [Graves 1882-1889, III, 2471 
We have already seen that this view of algebra, to Hamilton’s mind, implied that 
mijltiplication of polyplets is associative. Moreover, it implied the so-called deter- 
m/ nateness of division. In Hamilton’s opinion the determinateness of division was 
a llery important property. On December 9, 1844, he listed three requisites for any 
thzory of pure triplets. The first and the second of these have to do with algebrai- 
cal and geometrical simplicity, respectively. The third, however, concerns divi- 
sic m: 
Determinateness of division. -A quotient being never indeterminate or impossible, unless 
the constituents of division all vanish. [Graves 1882-1889, II, 4741 
It follows from the presentation in Section 1 that if polyplets are possible for some 
dimension, they must form a division algebra (i.e., if m and n correspond to (a,b) 
and (b,a) respectively, where a and b are different from the null step, then T,,,,, 
will be the identical operation). 
41though Hamilton did not claim that the possibility of polyplet-division should 
imply the truth of the law of moduli, he tacitly assumed this law to provide the 
most obvious way to establish this possibility. When he learned from the study of 
an article by J. R. Young [Halberstram & Ingram 1967,651] that the law of moduli 
does not hold if the dimension is 16-a fact that Graves had already assumed 
[Halberstram & Ingram 1967, 653]-Hamilton must have understood that his 
original claim of the possibility of a polyplet algebra could not be upheld. Hamil- 
ton was certainly aware of the importance of Young’s proof, for he wrote the 
following to Young: 
Graves had come to suspect the 16-square theorem: if you have demonstrated its falsehood or 
non-existence, you will, in my opinion, have rendered an important service to Algebraic 
Science in a department of which the interest seems to be on the increase. (July 10, 1847; see 
[Graves 1882-1889, II, 5791) 
H&milton probably understood Young’s proof to imply the unlikelihood of being 
abl,e to define 16-polyplets satisfying the requisite regarding determinateness of 
dilision. 
Regarding the octaves, Hamilton would have liked the multiplication to be 
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associative and the law of moduli to hold. His letter to Graves on July 8, 1844 
(quoted above), however, indicates that Hamilton did not possess a firm belief 
that both requirements could be fulfilled. His definition of the so-called biquatev- 
nions (9’ + 4 x h, where 4’ and 4 are quaternions and h is a free imaginary, with h’ 
= - 1). could not fulfill both requirements, since (j + k x h)’ = 0 G and k are the 
ordinary quaternion symbols) [Halberstram & Ingram 1967, 4241. Hamilton was 
unable to solve the problem. 
Hamilton was (of course) never able to construct associative division-algebras 
other than the real numbers, the complex numbers, and the quaternions. This fact. 
however, is at variance with Hamilton’s proclamation in his letter to De Morgan, 
according to which “it must be possible some way or other, to introduce not only 
triplets but polyplets . . . (May 12, 1841 [Graves 1882-1889, III, 2471). It was of 
no help to Hamilton that Graves was able to define an algebra of octaves, since 
this new algebra was nonassociative, and, therefore, it could not be accepted in 
Hamilton’s original system. 
3. HAMILTON’S “CONVERSION” 
During the 1840s Hamilton became more open to alternative views of algebra. 
In a letter to R. P. Graves he described his ‘Lconversion” in the following way: 
Among books read, I may refer to some of Dr. Peacock’s works, and others which treat of 
Algebra under its symbolical aspect: to some extent I have become a convert to the views of 
those authors, so far as to admit that there is a sort of symbolical science, or science of 
language, which well deserves to be studied. abstraction being made for a while of meaning, 
or interpretation; and forms of expression being treated as themselves the subject-matter to 
be studied: in short, I feel an increased sympathy with, and fancy that I better understand that 
Philological School, which was referred to in the introduction to my essay on Algebra as the 
Science of Pure Time. (April 30. 1846 [Graves 1882-1889, II, 5211) 
Among the reasons that might be given for this change of view, at least four 
explanations should be considered. 
In the first place Hamilton was probably forced to change his view because he 
had realized that he was not likely to succeed in carrying out his original project as 
formulated in the closing sentence of the Essay of 1835: 
The author hopes to publish hereafter many other applications of this view; especially to 
Equations and Integrals. and to the Theory of Triplets and Sets of Moments, Steps, and 
Numbers, which includes this Theory of Couples. [Halberstram & Ingram 1967, 961 
He must have realized that the requirements of associativity and determinateness 
of division, which follow from this view of algebra, imply a serious limitation of 
the number of acceptable structures of algebra. On May 7, 1847, he admitted the 
poverty of the results of his view, although he apparently continued to hope to find 
some new algebraic structures that could be accepted within his system: 
the mathematical notion of Time leads (in my mind at least) to a general conception of 
Numerical Sets, which has by me, as yet. been only exemplified, in anything like a satisfac- 
tory and definite way, for the two cases of Couplets and Quaternions. [Graves 1882-1889. III. 
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In the second place, the competing view of algebra as a science oflanguage had 
proved to be exceptionally fruitful. According to this view, algebra is a system of 
$,igns and their combinations [Graves 1882-1889, II, 1431. Hamilton’s friend J. T. 
(;raves, who accepted this view, had been able to formulate a theory of octaves. 
,iccording to Hamilton’s view, algebra should be restricted to the study of asso- 
ciative division algebras over the real numbers. Graves did not accept any such 
restriction. Moreover, Hamilton must have acknowledged the works of George 
I3oole on logic and algebra to be a clear demonstration of the fertility of the view 
of algebra as a language. There was in fact, a correspondence between Boole and 
Hamilton as early as 1847 [Graves 1882-1889, II, 5751. 
Third, it seems that Hamilton was attentive to criticisms of his views. In his 
“On the Foundation of Algebra,” De Morgan, after pointing out that it is dog- 
matic to declare that a certain signification of an arbitrary symbol of algebra is 
real, true, natural, or necessary, commented on Hamilton’s view. According to 
De Morgan, the symbols of algebra do not represent external objects absolutely. 
On Hamilton’s views, De Morgan stated that 
if some of his phrases are to be interpreted as of his asserting algebra to be rhe science of 
pure time, I should then cite him as an instance of the dogmatism already alluded to. (Decem- 
ber 9, 1839 [De Morgan 1839, 1751) 
“‘here can be no doubt that Hamilton was attentive to this criticism. While writing 
the Preface to “Lectures on Quaternions” [Halberstram & Ingram 1967, 1171, he 
was acutely aware of the importance of avoiding De Morgan’s charge of dogma- 
tism. In a letter to De Morgan, Hamilton described his efforts: 
At last I have fairly dashed into my Preface-writing, having decided to continue, although as 
briefly as I can, a sketch which I began before I went to Belfast, of the progress of my own 
thoughts on the whole subject, and especially to give a very abridged account of my old view 
of Pure Time, taking great pains, however, to avoid your old (and not ill-natured) charge of 
“dogmatism,” by not pretending that mine is the only view that can be taken of the matter. 
(October 31, 1852 [Graves 1882-1889, III, 4261) 
Pinally, it is obvious that the works of Peacock greatly influenced Hamilton. In 
addition to reading his works Hamilton had the opportunity in 1845 to converse 
viith Peacock at length. The following year Hamilton wrote to Peacock: 
My views respecting the nature, extent. and importance of symbolic science may have 
approximated gradually to yours; and that approximation may be due chiefly to the influence 
of your writings and conversation. [Graves 1882-1889, II, 5271 
Hamilton did not entirely reject the view of algebra as a science of pure time. 
Indeed, it remained important for him to pursue the mathematical consequences 
c,f his notion of time. In 1847 he stated: 
Thus, I like better to work out my notion of Time into its mathematical consequences, than to 
enter into any a priori discussion whether it be metaphysically correct, though I have specu- 
lated on that point too. [Graves 1882-1889, III. 2691 
Flamilton never renounced the view that when we look beyond the signs to the 
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things signified, order and progression are important. However, he stopped insist- 
ing that algebra is possible as a science only if it is understood as the science of 
pure time. During the period of “conversion” he came to accept the view that 
algebra is also possible as the science of symbols, but he still maintained that the 
study of algebra as the science of pure time would be useful for a student of 
mathematics. In 1852 he wrote on his original view of algebra as the science of 
pure time: 
As it really was the parent of the quaternions, so I have, over and over again, returned to the 
opinion, resisted through unwillingness to seem to insist too much on my old speculations, 
that some general knowledge of the point ofuiew, from which I looked at algebra long ago. 
would be a really useful preparation for a student of my later speculations on geometry. 
[Graves 1882-1889, III. 4261 
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NOTES 
I. Throughout this section a contemporary notation will be used. Hamilton wrote A - B = C - D 
instead of (A$) - (C,D). 
2. Hamilton wrote A + a = B and C + a = D instead of r,(A) = B and r,(C) = D. 
3. In Hamilton’s notation, we have X + (a + b) = (X + a) + b instead of r,+,(X) = r,(r,(X)). 
4. Hamilton wrote n x b = a instead of T,(b) = a. 
5. Graves’ octaves form a nonassociative division algebra of 8-tuples. (See [Halberstram & Ingram 
1967, 6481.) 
6. The law of moduli for s-tuples can be formulated in the following way: If  n = (n,, n2 , n,) and 
m = (ml,m2,. , m,) are arbitrary s-tuples and r = II x m, then 
The law of moduli is true for the real numbers (S = 1) and for the complex numbers (s = 2). It also turns 
out that it is true for the quatemions (9 = 4) and for the octaves (s = 8). 
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